Chapter

Introduction

1.1. Convex Functions

Definition 1.1 (SEE [119, DEFINITION 1.1])  (a) Let I be an interval-in R. " Then @ :
I — R is said to be convex if for all x,y € I and all o € [0, 1],

D(ax+ (1—a)y) < ad(x)+ (1 —a)D(y) (1.1)

holds. If (1.1) is strict for all x #y and o €(0,1),/then ®'is said to be strictly
convex.

(b) Ifthe inequality in (1.1) is reversed, then @ is said to be concave. If it is strict for all
x#yand o € (0,1), then ® is\saidto be strictly concave.

There are several equivalent ways to define convex functions, sometimes it is better to
define convex function in one way than the other.

Remark 1.1 (SEE [119, REMARKS 1.2]) (a) Forx,yel, p,g>0,p+¢g>0,(1.1)is

equivalent to
o (px + qy> < PO) +qP(y)

rP+q rP+tq
(b) Let x1,x2,x3 be three points in / such that x; < x» < x3. Then (1.1) is equivalent to
X1 <D(x1) 1
X2 (D(XQ) 1| = ()C3 —XQ)CI)(xl) + (x1 —X3)q)()C2) + ()CQ —xl)d)(x3) >0,
x3 P(x3) 1
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which is further equivalent to

X2 — X3 X1 —X2

() < ()
(r2) < X1 —x3 (x1)+x1 —X3

®(x3). (1.2)

More symmetrically and without the condition of monotonicity on x,xg,x3, we'can

write
d)(xl) + qJ()CQ) + ®<X3) Z 0.
(1 —=x2) (1 —x3) (2 —x3)(2—x1) (3 —x1)(x35 xp)
(c) @ is both convex and concave if and only if
®(x) =Ax+e

for some A,c € R.

(d) Another way of writing (1.2) is instructive:
q)(.Xl)—cD<XQ) S q)(X2)—CD(X3), (1.3)

X1 —X2 X2 —X3

where x| < x3 and x1,x3 # x,. Hence the following result is valid:
A function @ is convex on [ if and only if for every point ¢ € I, the function (®(x) —
®(c))/(x—c) is increasing on I (x # ¢).
(e) By using (1.3), we can easily prove the following result:
If @ is a convex function on [ and if x; <y, x» <y, x| # X2, y1 # Y25 then the

following inequality is valid:

D(xp) — D(x1) < D(yy) —D(y1) .

X2 —X1 y2=)1

The following two theorems concern derivatives-of.convex functions.

Theorem 1.1 (SEE [119, THEOREM~1=3])\ Let I beran interval in R and ® : I — R be
convex. Then

(1) @ is Lipschitz on anyclosed interval in I;

(ii) @', and @', exist and.are increasing in I, and @' < &' (if ® is strictly convex, then
these derivatives are strictly increasing); and

(iii) D"exists, except possibly on a countable set, and on the complement of which it is
continuous.

Remark 1.2 (SEE [119, THEOREM 1.4]) In Theorem 1.1, if ®” exists on I, then @ is
convex if and only if ®”(x) > 0. If ®”(x) > 0, then @ is strictly convex.
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Theorem 1.2 (SEE [119, THEOREM 1.6]) Let I be an open interval in R.

(a) @ :1— Ris convex if and only if there is at least one line of support for ® at each
xXo €1, ie.,
D(x) > D(xo) +A(x—xp) forall x€(a,b),

where A depends on xo and is given by . = @' (x) when @ exists,and A € [®"_(xp),
&, (x0)] when ©_(x) # ¥, (x0)

(b) @ :1— Ris convex if the function ®(x) — D(xg) — A (x=xp) (the difference between
the function and its support) is decreasing for x < xo andincreasing for x > x.

When dealing with functions with different degree of smoothness, divided differences are
found to be very useful.

Definition 1.2 (SEE [119, PAGE-14]) Let @ be a real-valued function defined on [a,b] C
R. The kth-order divided difference of ® at distinct points xo,...,x; in [a,b] is defined
recursively by

X @ =D(x;), i€{0,1,...,k}

and
[xl,... ,xk;q)} — [xo,...,xk,l;fl)]

[)C(), . ,xk;q)} =
X — X0
Remark 1.3 In Definition 1.2, the value [xo,...,x;;®] is independent of the order of the
points xp, ..., Xx¢. This definition may be extended to include the case in which some or all
of the points coincide by assuming that xy < ... < x; and letting

[x,...,.x;®] = ) (x) /!,
(j+1times)

provided that ®/) exists.

Definition 1.3 (SEE [119, PAGE 15]) A redltvalued function ® defined on [a,b] C R is
said to be n-convex, n > 0, on [a,b] if and only'if for all choices of (n+ 1) distinct points
in [a,b),

[X04.- - 505 D] > 0.

Remark 1.4 A function ®@ : I'>.R is convex if and only if for every choice of three
mutually different points xo, x{1x2 € 1, [xo,x1,x2;P] > 0 holds.

The definition of a convex function has a very natural generalization to real-valued
functions.defined on R”. Here we merely require that the domain U of ® be convex, i.e.,
ox+ (1 —a)y € U whenever x,y € U and o € [0,1].

Definition 1.4 Let U be a convex set in R". Then ® : U — R is said to be convex if for
allx,y € U and all o € [0, 1], we have

Pax+ (1 —a)y) < o®(x) + (1 — a)d(y). (1.4)
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J-Convex Function

In the theory of convex functions, the most known case is that of /-convex functions, which
deals with the arithmetic mean.

Definition 1.5 (SEE [119, DEFINITION 1.8]) Let I C R be an interval. A function® :
I — Ris called convex in the Jensen sense (or J-convex) on I if for all x,y € I, the inequality

o <x;y) SLUELD

(1°5)
holds. A J-convex function @ is said to be strictly J-convexif for all'pairs of points (x,y),
x £y, strict inequality holds in (1.5).

Remark 1.5 (SEE [119, THEOREM 1.10]) /(i) It can be easily seen that a convex func-
tion is J-convex. For continuous functions, J-convex functions are equivalent to
convex functions.

(i1) The inequality (1.5) can easily be extended to the convex combination of finitely
many points and-next to.random variables associated to arbitrary probability spaces.
These extensions are known as the discrete Jensen inequality and integral Jensen
inequality, respectively.

Log-Convex Function

An important sub-class of convex functions is that of log-convex functions.

Definition 1.6 (SEE [119, DEFINITION 1.15]) A function ® : I — R, I an interval in'R,
is said to be log-convex, or multiplicative convex if log @ is convex, or equivalently if for
all x,y €l and all a € [0,1],

O(ax+ (1 —a)y) < D(x)*D(y)' % (1.6)
It is said to be log-concave if the inequality in (1.6) is reversed.

Remark 1.6  (a) If we take ov = 1/2, then (1.6) becomes

® (#)2 S or)D(y),

and the function @ is said to be log-convex in the Jensen sense. If the function @ is
log-convex in the Jensen sense and is continuous, then @ is also log-convex.

(b) If xy pX5yx3 € Lsuch that x; < xp < x3, then (1.6) is equivalent to
[@(x2)] 21 < [ (x1)] 32 [D(x3)] 2.

Furthermore, if x1,x;,y1,y2 € I such that x; <y, xp < y2, x| # x2, ¥1 # y2, then

NN
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(c) ®:1— Rislog-convex in the Jensen sense if and only if

o?D(x) + 20D (%) + B2d(y) >0

holds for all o, € R and x,y € I.

1.2 Exponential and n-Exponential-Convexity

Exponentially convex functions were introduced by S. N. Bernstein [31] over eighty years
ago and later D. V. Widder [132].. The notion of n-exponential convexity was introduced
by J. Pecari¢ and J. Peri¢ in [115].(see also [89, 78, 88]). Now we quote some definitions
and results about exponential and n-exponential convexity.

Definition 1.7 ‘A function ® : 1 — R (I C R) is n-exponentially convex in the Jensen sense

onl, if
n X X
Y &g <x1—12—x1> >0

i,j=1

holds for all choices & € Randx; €1, i € {1,...,n}. A function ® : I — R is n*exponentially
convex if it is n-exponentially convex in the Jensen sense and continuous on 1.

Remark 1.7 1t is clear from the definition that 1-exponentially convex functions in the
Jensen sense are in fact nonnegative functions. Also, n-exponentially convex functions in
the Jensen sense are k-exponentially convex in the Jensen sense for every k &N, k < n.

By definition of positive semi-definite matrices and some basic linear algebra, we have the
following proposition.

Proposition 1.1 If @ is an n-exponentially convex function in the Jensen sense, then

k
the matrix |® (x, ) >} is positive semi-definite for all k € N, k < n. Particularly,

- i,j=1

. . k
det{@(%)] >0forallkeN, k<n.
ij=1

Definition 1.8 A function ® : I — R is exponentially convex in the Jensen sense on I,
if it is n-exponentially convex in the Jensen sense for all n € N. A function ® : [ — R is
exponentially convex if it is exponentially convex in the Jensen sense and continuous.

Proposition 1.2 [See [19, Proposition 1]] Let ® : (a,b) — R. The following are equiv-
alent:

(i) @ is exponentially convex.
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(i1) D is continuous and

n . .
2 viv;® <XIJ2rx]) >0

ij=1
foralln e N, v; e R, and x; +x; € (a,b), 1 <i,j<n.
(iii) @ is continuous and
det{@(m)]m >0, 1<m<n
2 i,j=1
for all n € N and for every x; € (a,b), i € {1,...,n}.
Remark 1.8 Some examples of exponentially,convex functions are:
(i) @ :1 — R defined by ®(x) = ce, . where'¢ > 0and k € R.
(ii) ®:R" — R defined by ®(x) =", where k > 0.
(iii) ®:R" — R* defined by ®(x)e= e V¥, where k > 0.

Remark 1.9 From Remark 1.6 (¢) it follows that a positive function is log-convex in the
Jensen sense if\and only if it is 2-exponentially convex in the Jensen sense. Also, using
basic convexity theory, it follows that a positive function is log-convex if and only if it is
2-exponentially convex.

1.3 Superquadratic Functions

The concept of superquadratic functions in one variable;-as a generalization of the class
of convex functions, was recently introduced by S. Abramoyvich, G. Jameson and G. Sin-
namon in [6] and [S]. More examples and properties of superquadratic functions can be
found in [1, 25, 26, 24] and its references.

Definition 1.9 A function ¥ :([0,%0)\== R is called superquadratic if there exists a func-
tion C : [0,00) — R such that

V() Y)Wy —x]) = Cx)(y—x) forall x,y=0. (1.7)

We say that V¥ is.subquadratic if =¥ is superquadratic. If for all x,y > 0 with x # y, there
is strict inequality in (1.7), then Y is called strictly superquadratic.

For example, the function ¥ (x) = x? is superquadratic for p > 2 and subquadratic for
p € (0,2].

The following lemma shows essentially that positive superquadratic functions are also
convex functions.
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Lemma 1.1 Let ¥ be a superquadratic function with C(x) as in Definition 1.9. Then
() ¥(0) <0;
(i) if'P(0) =¥'(0) =0, then C(x) =¥/ (x) whenever ¥ is differentiable at.x > 0;
(iil) if'¥ > 0, then ¥ is convex and ¥(0) = ¥'(0) = 0.

In the following theorem, some characterizations of superquadratic-functions are given
analogous to the well-known characterizations of convex functions.

Theorem 1.3 (SEE [26, THEOREM 9]) For the function ¥: [0,00) — R, the following
conditions are equivalent:

(1) The function Y is a superquadratic function, i.e.; (1.7) holds.
n
(ii) Forany two nonnegativé n-tuples, (xiy=",x,) and (p1,...,pn) suchthat P, =Y, p; >
i=1
0, the inequality

W(x) SFZP! (xi) ZPZ (|xi — 1)

"11

1 n
holds, where X = 7 > pixi.

n i=1
(iii) The inequality
W(Ayr+(1=2)y2) <A¥(y1) + (1= 2)¥(y2)
=AY (1 =2)|y1 = y2| = (1 = A)¥(A [yp—y2])
holds for all yy,y, > 0 and A € [0,1].

(iv) Forall x,y1,y> > 0, such that y; < x <y, we have

X— Y1

W(x) < 25 (W) — P ) +

S — S (W)~ ).

ie.,

Fln) o) W —y) _ W) = W) —Fl2—x)
yr—x B y2—X
__ In the following, for any function ¥ € C!([0,%0),R), we define an associated function
¥ € CM((0,),R) by
forall x> 0. (1.8)

Lemma 1.2 (SEE [3, LEMMA 1]) Let ¥ € C'([0,%0),R) such that ¥(0) < 0. If ¥ is
increasing (strictly increasing) or V' is superadditive (strictly superadditive), then ¥ is
superquadratic (strictly superquadratic).
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Lemma 1.3 [See [3, Lemma 3]] Let ¥ € C%([0,0),R) be such that

1{,{// _11,{/
mlg)Lz(x)ng forall x> 0.

X

Let the functions V1,9, be defined by

3 3
:ng —W(x), ﬁQ(x)zqf(x)—%. (1.9)

191 (x)

Then O, are increasing. If also Y(0) =0, then 0,0, are.superquadratic.

Lemma 1.4 Lets > 0 and ¥y : [0,00) — R be defined by

A
A\ 2
S<s_2)7s% b
W(x) = (1.10)
x_2]0 x, s=2
5 logx, s=2.

Then Y is superquadratic, with the convention 0log0 := 0.

Lemma 1.5 Lets € R and ¢ : [0,0) — R be defined by

sxe* — e 41
S3 b s # 07

@s(x) = (1.11)

3
%, s=0.

Then @y is superquadratic.

1.4 Time Scales Theory

The theory of time scales was introduced by Stefan Hilger in his PhD thesis [69] in 1988
as a unification of the theory of difference equations with that of differential equations,
unifying integral and differential calculus with the calculus of finite differences, extending
to cases “in between”, and offering a formalism for studying hybrid discrete-continuous
dynamic.systems. It has applications in any field that requires simultaneous modelling of
discrete and continuous data. Now, we briefly introduce the time scales calculus and refer
to [70, 71] and the monograph [45] for further details.

By a time scale T we mean any nonempty closed subset of R. The two most popular
examples of time scales are the real numbers R and the integers Z. Since the time scale T
may or may not be connected, we need the concept of jump operators.
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For ¢t € T, we define the forward jump operator 6 : T — T by
o(t)=inf{s€T: s>1}
and the backward jump operator by
p(t)=sup{seT: s<t}.

In this definition, the convention is inf@ = sup T and sup® = inf T.

If o(¢) > ¢, then we say that 7 is right-scattered, and if/p(¢))< ¢, then we say that 7 is
left-scattered. Points that are right-scattered and left-scatteted at the'same time are called
isolated. Also, if o(¢) =1, then 7 is said to be right-dense,and-if p(z) = ¢, then 7 is said to
be left-dense. Points that are simultaneously. right-dense and left-dense are called dense.

If T has a left-scattered maximum M, then we define T* = T\ {M, }; otherwise T* =
T. If T has a right-scattered minimum M, then we define T, = T\ {M,}; otherwise
T, = T. Finally we define T* = T* N Ty.

The mappings U, v : T — [0, ) defined by

ut)=o(@)—t and v(t)=1t—p(r)

are called the forward and backward graininess functions, respectively.

In the following considerations, T will denote a time scale, IT = INT will denote a
time.scale interval (for any open or closed interval I in R), and [0, ) will be used for the
time scale interval [0,o0) N T.

Definition 1.10 Assume f : T — R is a function and let t € T*. Then we define f(t)
to be the number (provided it exists) with the property that given any € > 0, there is a
neighborhood Ut of t such that

(f(6(0) = £5) = f2(0) [0(t) = ]| < e|ale) —ls| Aorau s € Ur.

We call fA(t) the delta derivative of f att. We say.that f is delta differentiable on T*
provided f*(t) exists for all t € T*.

Definition 1.11 Assume f :/T — R is a‘furiction and let t € Ty. Then we define f (t)
to be the number (provided it.exists) with the property that given any € > 0, there is a
neighborhood Ut of t.such that

(@) =f) =Y (@) o) —s)| <elp(t)—s| forall s€Ur.

We call ¥ (¢) the nabla derivative of f att. We say that f is nabla differentiable on T\
provided fY (t) exists for all t € Ty.

Example 1.1 (i) If T =R, then
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(i) If T = Z, then
A = f+1) = f()

is the forward difference operator, while
Y@y =f@) = f—1)
is the backward difference operator.
(iii) Leth > 0. If T = hZ, then

fl+h) - f() F) =t —h)
h

and £V (1) £ .

1) =
are the h-derivatives.
(iv) Letg > 1. If T = g0, where Ng={0,1,2, ... }s then

s L@ =50, Lo a0 - f(t/a)
f(t)* (q—l)t d f (t) (q—l)l

are the g-derivatives'(or Jackson derivatives).

Definition 1.12_Assume f: T — R is a function and let t € TX. Then we define f<<(t)
tobe the number (provided it exists) with the property that given any € > 0, there is a
neighborhood Ut of t such that

(£ (a() = f($)) [p(t) =s]+ (1 =) (f (p(2)) = f(5)) [o(r) — ]
=12 0)[p(t) = s][o(t) sl < ellp(r) =s][o(t) = s]|  forall s € Up.

We call f°o(t) the diamond-o derivative of f att. We say that f is.diamond-o differen-
tiable on T¥ provided f°*(t) exists for all t € T¥.

Remark 1.10 If f : T — R is differentiable on T_in the sense of-A"and V, then f is
diamond-o differentiable at z € Tk, and the diamond-¢ derivative is given by

ety =aff )+ (1% a)f¥(t), 0<a<l.

Remark 1.11 From Definition 1.12,-t is clear that f is diamond-c differentiable for
0 < a <1 if and only if f.is A and V-differentiable. It is obvious that for o = 1, the
diamond-o derivative reduces to the standard A derivative, and for oc = 0, the diamond-o
derivative reduces.to the standard V derivative.

For.all r.€ T, we have the following properties of delta derivative.

Theorem 1.4 (SEE [45, THEOREM 1.16]) (i) If f is delta differentiable at t, then f
is continuous at t.

(i) If f is continuous at t and t is right-scattered, then f is delta differentiable at t with
fA(t) _ f(ff(f)())*f(f)
u(t ’
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(iii) If't is right-dense, then f is delta differentiable at t iff lirrtl M
S

number. In this case, f*(t) = lin} w
5—

exists as a finite

(iv) If f is delta differentiable at t, then f(o(t)) = f(t) + u(t) f2().
In the same manner, for all # € T, we have the following properties of nabla derivative.

Theorem 1.5 (SEE [45, THEOREM 1.16]) (i) If f is nabla differentiable at t, then f
is continuous at t.

(ii) If f is continuous at t and t is left-scattered, then f is\nabla differentiable at t with
fv(t) _ fO)—f(p@)
v
. : . . : e fO=f(s)
(iii) Ift is left-dense, then f is.nabla differentiable at t if and only if }vlgtl lfss exists
as a finite number..In this.cdse, f¥(t) = lintl w
85—

(iv) If f is nabla differentiable at t, then f(p(t)) = f(t) + v(2)f" (2).

Definition 1.13 A function f : T — R is called rd-continuous if it is continuous at all
right-dense points in T and its left-sided limits are finite at all left-dense points in T. We
denote by C.q the set of all rd-continuous functions. We say that f is rd-continuously delta
differentiable (and write f € Crld) if f2(t) exists for all t € T* and f* € Cq. A function
f: T — R is called ld-continuous if it is continuous at all left-dense points in T-and its
right-sided limits are finite at all right-dense points in T. We denote by Ciq the set of.all
ld-continuous functions. We say that f is ld-continuously nabla differentiable (and write
fecCl)iff¥(t) exists forall t € T and f¥ € Cyg.

The set of all continuous functions on T contains both C,4 and Cy.

Definition 1.14 A function F : T — R is called a delta antiderivative of f : T — R if
FA(t) = f(¢) for all t € T¥. Then'we define.the delta‘integral by

/ )RS = ) — F(a).

A function G : T — R is called a-nabla antiderivative of f : T — R if G (t) = f(t) for all
t € Tk. Then we define the nabla integral by

/a' " F(5)Vs = Gl1) — Gla).

The importance of rd-continuous and ld-continuous functions is revealed by the fol-
lowing result.

Theorem 1.6 (SEE [45, THEOREM 1.74, THEOREM 8.45]) Every rd-continuous func-
tion has a delta antiderivative and every ld-continuous function has a nabla antiderivative.
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Definition 1.15 Let f: T — R and a,b € T. Then the diamond-o. integral of f from a to
b is defined by

/bf(t)Oat:Ot/bf(t)At—i—(l—Oc)/bf(t)Vt, 0<a<l.

Remark 1.12 Since the diamond-« integral is a combined A and V integral, in‘general
5 O
(/ f(t)<>at) #f@t), teR.
a

1
Example 1.2 Leta = 5 and T = {0,1,2,3}. Then:the diamond-« derivative for a func-

tion on T is defined on the set Tf whichiis {1,2}.) Define the function f(r) = 0. Next
define functions F" and G as follows:

(0)=0
(1)=5
F(2)=0, G
(3)=5

Then

CLFQ2)—F(1) 1F(1)-F(0)
T2 2-1 2 1-0
1
2

(0-5)+5(5-0)=0=f(1)

and

ﬁ
<&

S
—~
[\)
~—

2
(5-0)+

Also

and




1.4 TIME SCALES THEORY 13

Thus
Foul) = GO (o) = £()

on T§. We see that both F and G are diamond- antiderivatives of f on Tx. However,
F(2)—F(1)=-5#4=G(2)-G(1).

Example 1.2 can be generalized for any fixed « strictly between O and 1, and for any
purely discrete time scale, such as T = Z.
Next, we present an example where no diamond-o antiderivative exists.

Example 1.3 Let o = % Let T = (—oo, 1] U[2400). Set

-1, x<1;

L0 =
5, x>2.

Assume a diamond-@ antiderivative F of f exists on T§. On (—eo, 1], F must be of the
form —z 4 C}, where C)is a constant. On [2,00), F must be of the form 57 + C,. It follows
therefore

Foe(1) = %FA(I)Jr%F (1) = f(1).
Thus | |
5[(5(2)+C2)*(71(1)+C1)}+§(*1) =-1. (1.12)
Also,
FOe(2) = 3FA2) + 57 (2) = £(2)
Thus ! 1
5(5)+§[(5(2)+Cz)7(—1(1)+C1)} =35. (1.13)
From (1.12) and (1.13), we obtain the system of equations
Cl—6G =12,
C ~Cr=6,

which has no solution. Thus for the function f, which is continuous on T, no diamond-o
antiderivative exists on.T¥.

Now we.give some properties of the delta integral.
Theorem1.7 (SEE [45, THEOREM 1.77]) Ifa,b,c € T, « € R, and f,g € Cyq, then
W) fy (F(0)+8(0) A = [ F(0) 8+ [} g(0)A,
(i) [P of(t)Ar = o [P f(1)As,
(i) fy f(0)Ar = = [ (),
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iv) [Jf()Aar =
V) [J f(6)Ar = [7 f@)he+ [ £(1)Ar
(vi) if f(t) > O for allt, then [” f(t)At > 0.

A similar theorem holds for the nabla integral, for f,g € Cyq, and for the diamond-¢
integral, for f,g € C.

Regarding integral calculus on time scales, the literature includes, among others; the
Cauchy delta integral [45, 70], the Cauchy nabla integral [23, 45], the \Riemann delta
integral [46, 63, 64], the Riemann nabla integral [63]; the Cauchy diamond-¢ integral
[16, 123], the Riemann diamond-o integral [97], the LLebesgue delta-and nabla integrals
[46, 62], the multiple Riemann and multiple Lebesgue delta, nabla and diamond-« inte-
grals [42, 43].

Let n € N be fixed. For each i € {15+ ,n}, let T; denote a time scale and

=Ty x...xT,={t=(t1,....,tn): ; €T, 1 <i<n} (1.14)

an n-dimensional time seale, Let ua be the o-additive Lebesgue A-measure on A" and .#
be the family of A<measurable subsets of A”. Let & C A" and (&,.%, ua) be a time scale
measure space., Then'for a A-measurable function f : & — R, the corresponding A-integral
of f over &'is denoted according to [43, (3.18)] by

/fﬁ, t)Aity .. Aty /f /gdeA, or /gf(f)dMA(l)

By [43, Section 3], all theorems of the general Lebesgue integration theory, including the
Lebesgue dominated convergence theorem, hold also for Lebesgue A-integrals on'A”. Here
we state Fubini’s theorem for multiple Lebesgue A-integrals on time scales. It isused in
Chapter 9.

Theorem 1.8 Ler (X, 7 ,ua) and (Y,.Z,VA) be two finite-dimensional time scale mea-
sure spaces. If f: X xY — R is a A-integrable function and.if we define the functions

y) = /X Faw)dua() forae. yey

and

x)z/yf(x,y)dvA(y) forae. xeX,

then @ is A-integrable on Y and v is A-integrable on X and

/dHA /fxdeA /dVA /fxdeA
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